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THE analysis of the kinetics of drug ab-
sorption, distribution, metabolism, and ex-
cretion gives rise to a great variety of more
or less complex mathematical models (17, 22,
23, 34, 35, 49). Many of these fall into the
general class of systems known as linear sys-
tems. This class of systems is important for
several reasons: 1) the property of linearity
can be verified or excluded experimentally
without reference to any particular kinetic
model; 2) in formulating a kinetic model, the
property of linearity can often be assumed
or ruled out on general theoretical physico-
chemical grounds, with no commitment to a
particular detailed structure for the kinetic
model; and 3) linear systems all share cer-

tain properties that make it possible to pre-
dict important aspects of their behavior
without detailed knowledge of their internal
kinetics.

A linear system is defined as one which
obeys the principle of superposition. This
principle may be stated as follows:

If ¢; is the system response to an input

&, and ¢ is the response to the input

¢, and « and B are. arbitrary coefficients,

then af1 + B¢: is the response to the input
aby + Bt
The great power and value of this principle
comes from the fact that it is meaningful
not only for inputs and responses that are
simple numbers, but also for those that are

! This investigation was supported mostly by U. S. Public Health Service Research Grant NB 08710
from the National Institute of Neurological Diseases and Stroke. The author is grateful for the approval
by the National Advisory Neurological Diseases and Stroke Council of the renewal application which
would have supported the completion of this project, had funding been available.

* This paper is dedicated to the memory of those on both sides who suffered and died in the Christmas
1972 bombing of Hanoi and Haiphong: That nation, that was wont to congquer others, Hath made a shameful

conguest of itself.



4 THRON

more complicated mathematical entities,
such as functions or sets. The “response” or
“output” ¢ of a pharmacokinetic system,
for example, is typically a function of time
giving the drug concentration at some point
in the system (e.g., the plasma level). The
sum af; + Bt is then likewise a function of
time, formed by adding the functions {)
and {., after multiplying by « and 8, re-
spectively. More generally, the output of a
pharmacokinetic system might be considered
to be a set of time-functions giving the drug
concentrations at several points (e.g., plasma,
cerebrospinal fluid, myocardial tissue, eic.).
In that case the sum af; + B¢, is likewise a
set of time-functions, formed by adding the
corresponding time-functions of {; and {,
after multiplying by a and 8 respectively.
The possibilities for “input” are similar but
slightly more complicated, because in order
for us to state the principle of superposition
in the simple form above it is necessary
that every input uniquely determine the
" response. To do this, the “input” must com-
prise not only the time-functions specifying
- the injection rates at various points but also
the initial conditions, and in some cases the
past history of the system. Nevertheless, in
spite of this complexity of the input ¢, we
can still form the sum aof; + B& by adding
the corresponding components (injection
rates, initial conditions, efc.) of the two
inputs & and & after multiplying by « and 8
respectively.

Readers long accustomed to intuitive ad-
dition in arithmetic and algebra may feel
some intuitive resistance to this broader
concept of “addition” of functions or sets of
numbers or functions. The cure, if the author
correctly remembers his own experience, is
to accept the fact that an intuitive “feel”
for this type of addition may not come at
once, and to be willing to accept these new
definitions of ‘“‘addition” as purely formal
rules.

Two examples will illustrate these con-
cepts. Figure 1 shows simulated “plasma”
levels for a compartmental pharmacokinetic
model with three different inputs. Input A

Plasma" Level

Time

Gastrointestinal | K1 K2
Tract Plasma [—

Fie. 1. Additivity of inputs and responses for a
linear model. Curves A, B, and C are computed
“plasma’ levels for the compartmental model
shown. First-order rate constants K1 and K2 are
0.7 and 0.25, respectively. The input for curve C
was the sum of the inputs for curves A and B,
and curve C itself is the sum of curves A and B.
Curves were computed by numerical integration
by Euler’s method on the Dartmouth Time-
Sharing System. The figure has been redrawn from
the original computer-plotted curves. See text for
further explanation.

comprises 1) initial conditions of 2 units in
the “plasma” and 0 units in the “gastroin-
testinal tract,” together with 2) a constant
intravenous infusion during the first 3 time
units. Input B comprises 1) initial conditions
of O units in both compartments, and 2)
single doses introduced into the gastroin-
testinal tract at 1 and 4 time units. The
“sum” of these two inputs can be defined
as an input such that: a) the initial plasma
level is the sum of the two initial plasma
levels; b) the initial gastrointestinal tract
level is the sum of the two initial gastroin-
testinal levels; and c) the drug injections
and infusions given comprise all those given
in the two inputs being added. In the ex-
ample of figure 1, input C is the “‘sum” of
inputs A and B, i.e., it comprises 1) initial
conditions of 2 units in the plasma and 0
units in the gastrointestinal tract, together
with 2) a constant intravenous infusion
during the first 3 time units and single
oral doses at 1 and 4 time units. The com-
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puted responses to these inputs (z.e., the
computed “plasma” levels) are shown as
curves A, B, and C, respectively, in figure 1.
The principle of superposition is reflected in
the fact that at every point in time the
plasma level defined by curve C is exactly
equal to the sum of those defined by curves
A and B.

This definition of “addition” is expressed
literally in the computer program used to
draw the curves of figure 1 (fig. 2). In that
program the symbol A represents a pair of
numbers, namely the initial level A(1) in
the gastrointestinal tract and the initial
plasma level A (2) for the first run (curve 4).
Similarly the letters B and C represent
pairs of initial values for the second and
third runs, respectively. Line 7 of the pro-
gram (fig. 2) defines the initial values for
the third run as the sums of the correspond-
ing initial values of the first two runs. The
functions FNA, FNB, and FNC specify the
various injections and infusions into the
two compartments; and in line 8 FNC is
defined as the sum of FNA and FNB.

A second example is illustrated in figure
3. The figure shows concentration profiles
within a plane sheet of homogeneous tissue,

resulting from diffusion of a substance ap-
plied to one or both surfaces. Curve A shows
the concentration profile resulting from the

15 -

Concentration in Tissue
@
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Surface Surface

Fia. 3. Additivity of inputs and outputs in a
diffusion system. Curves A, B, and C are com-
puted concentration profiles within a plane sheet
of homogeneous tissue with a diffusing substance
applied to one or both surfaces. The diffusion co-
efficient is 1. The input for curve C was the sum
of the inputs for curves A and B, and curve C
itself is equal to the sum of curves A and B. See
text for further details.

1 LIBRARY "PLOTLIB#*#s3:TDI", *“F1G1SUB"™

2 LET NO = 100

3 DIM Z(1507,A(2),B(2),C(2)

4 LET AC2) = 2

S DEF FNACJ,T) = (1-SGNCABS(J=2)))4SGN(1-SGN(T-3))s2/N0

6 DEF PNB(J,>T) = 34(1-SGN(J-1))¢SAN(2~-SANCABS(T~1))-SGNCABS(T-4)))

T MAT C = A+B

8 DEF FNCC(J»T) s FNACJ,T)+FNBCJ,T)

DRAV AXES AND MARK SCALES

RUN VITH INITIAL COND. AC) & INPUT FNA
RUN VITH INITIAL COND. BC) & INPUT FVS
RUN WITH INe CONDe AC)*B() & INPUT FNA+FNS

9 CALL "AXES™$Z()>°
10 CALL "RUN"SZ(),»AC)»FNA,NO*
11 CALL "RUN"3Z(),B(),FNB,NO*
12 CALL "RUN"3Z()>,C()»FNC,NO"*
13 END

F1a. 2. Computer program for drawing figure 1. The programming language is BASIC. Lines 1 to 3
identify subprogram libraries and set the integration step size and matrix dimensions. Model compart-
ments are numbered 1 (gastrointestinal tract) and 2 (plasma). Line 4 sets the initial ‘‘ plasma’’ level at
2 units for input 4; all other initial levels are automatically set at 0. Line § defines input function A
as a constant infusion into the ‘“plasma’ compartment (J = 2) during the first three time units. Line
6 defines input function B as two pulses (single doses) given into the ‘‘gastrointestinal tract’’ (J = 1)
at 1 and 4 time units, respectively. Lines 7 and 8 define the initial conditions and the input function for
run C as the sums of the initial conditions and input functions, respectively, of runs A and B. Lines 9
to 12 call subprograms to draw and scale the axes and to compute and plot the ‘‘plasma’’ levels for
each input in turn.
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application of a fixed concentration of 0.6
units to the left-hand surface for 0.11 time
units, with the right-hand surface exposed to
a solution containing none of the diffusing
substance. Curve B resulted from the ap-
plication of concentrations of 1.5 units to
the right-hand surface and O units to the
left-hand surface for 0.1 time units, followed
by a partial washing-out by exposure for
0.01 time units to solutions of 0 units’
concentration on both surfaces. Curve C
resulted from the application of both these
inputs, t.e., 0.6 units on the left and 1.5
units on the right for 0.1 time units, fol-
lowed by 0.6 units on the left and 0 units on
the right for 0.01 time units. The principle
of superposition is reflected in the fact that
at every depth within the tissue curve C is
exactly equal to the sum of curves A and B.
We note that although these particular
curves represent only a single point in time
(t.e., 0.11 time units after first applying
the diffusing substance to the surfaces),
the same relationships will hold at any fixed
point in time. In short, the output C equals
the sum of the outputs A and B at every
depth within the tissue and at every time.

As indicated in the above statement of
the principle of superposition, the inputs in
either of these examples could have been
multiplied by arbitrary numbers before being
combined. In addition, we could have con-
sidered diffusion in three-dimensional space,
rather than the one-dimensional diffusion
illustrated in figure 3; and in that case we
could show that the additivity of output
concentrations holds at every point in three-
dimensional space and time. However, the
simpler examples of figures 1 to 3 suffice to
illustrate the basic concepts of addition of
complicated and dissimilar inputs, addition
of outputs which are functions of time, and
addition of outputs which are functions of
time and space. .

Many authors (11, 23, 26, 49) have im-
plicitly or explicitly recognized the distinc-
tion between linear and non-linear systems.
What are often referred to nowadays as
‘“‘dose-dependent” systems are in fact non-

linear systems. Concepts of linearity and
superposition have from time to time been
invoked in pharmacokinetic discussions (25,
32, 50, 53). However, in most of the pharma-
cokinetic literature the concept of linearity
has been related to only one specific class of
pharmacokinetic models, namely multicom-
partment models with constant transfer
rate coefficients, uniform concentrations
within compartments and instantaneous
transfers between compartments. Further-
more, there has been little exploitation of the
fact that the principle of superposition ap-
plies to an immense variety of more or less
complicated inputs (%.e., schedules of dosage
and routes of administration).

In this review, we shall try to emphasize
the great generality of the concepts of
linearity and superposition. We shall stress
the fact that these concepts apply not only
to conventional multicompartment systems,
but also to multicompartment systems with
time-dependent rate coefficients, intercom-
partmental diffusion, incomplete mixing in
compartments, or time delays (single-valued
or statistically-distributed) in absorption or
transport, and also to so-called “discriminat-
ing systems” (34), where molecules leave a
compartment at a rate dependent on the
length of time they have resided in it. Be-
cause of this generality, these concepts can
often be applied with confidence to actual
pharmacokinetic systems about which little
of a specific nature is known. We shall also
stress the fact that these concepts apply to
inputs of great variety and complexity, and
that therefore these concepts have poten-
tially wide practical application, not only for
predicting responses to multiples of a given
dose, but also for analyzing the results of
combining different schedules of dosage and
multiple routes of administration.

Theory

Pharmacokinetics deals with the time-
course of drug concentrations at various
points in the body. A pharmacokinetic sys-
tem therefore consists of a set of anatomical
points, together with the drug concentra-
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tions at those points. If within a certain
anatomical region the drug concentration is
everywhere the same, then the points of
that region can be lumped together as a
‘“‘compartment.” In that case we can speak
of the quantity of drug in the compartment,
as well as the concentration. Except for its
containing a finite quantity of drug, a com-
partment can be treated in pharmacokinetic
analysis as equivalent to a single anatomical
point. Compartments which behave the same
pharmacokinetically (i.e., their concentra-
tions are always the same) can be lumped
together as a single compartment or “point”’
for purposes of pharmacokinetic analysis,
even if in reality they are anatomically
separate. Either the concentration or the
quantity of drug in a compartment can be
used to characterize it pharmacokinetically;
and both are single-valued functions of time.
Drug can be injected into a compartment
from outside the system, and the rate of
injection is likewise a single-valued func-
tion of time.

If the drug concentration within a given
anatomical region is non-uniform, and if the
region cannot be subdivided into compart-
ments with internally uniform concentra-
tions, then the region may be thought of
as comprising infinitely many anatomical
points, t.e., the points of physical space.?
We can speak of the quantity of drug within
such a region, but this quantity gives no
information about drug distribution within
the region, and by itself it is therefore in-
sufficient to characterize the region pharma-
cokinetically. We cannot speak of the quan-
tity of drug at a single point, except as an
infinitesimal. The drug concentration in such
a region is a function of both time and
location within the region, .e., a “‘time-space
function.” We can speak of the overall
injection rate into such a region, but this
parameter is pharmacokinetically inade-
quate because it does not specify the dis-

tribution of the injected substance within
the region. We cannot speak of the in-
jection rate into a single point, except as
an infinitesimal. We can, however, con-
ceive of injection as a flux, possibly of
non-uniform density, into the region through
some boundary surface. The injection rate
for such a region is therefore a function of
time and location on the boundary surface,
i.e., a time-space function.

We shall take the time 0 as the starting
point for observing the output of a pharma-
cokinetic system. The output will then be
defined as a set of time-functions or time-
space functions on the interval 0 < ¢ < o
giving the drug quantities or concentrations
in one or more compartments or at one or
more anatomical points in the system sub-
sequent to time ¢ = 0. The input to the
system comprises one or more of the fol-
lowing elements:

1) Initial conditions: A set of drug levels
at ¢ = 0, either single values or functions
over regions of space; :

2) Boundary conditions: A set of condi-
tions on the drug levels at the boundaries of
spatial regions at times after ¢ = 0;

8) Injection rates: A set of time-functions
or time-space functions on the interval
0 <t < = giving the rates of injection
into the several regions;

4) Applied concentrations: A set of time-
functions or time-space functions giving
drug levels maintained or enforced in cer-
tain compartments; and

6) Past history: A set of time-functions or
time-space functions on the interval — « <
t < 0 giving drug levels, boundary condi-
tions, applied concentrations and injection
rates prior to time ¢ = 0.

Our fundamental assumption here is that
of a fixed anatomical frame of reference.
That is, all those anatomical points of the
system which are not lumped into compart-
ments retain their identity at all times; and

3 Since animals move, we must consider the possibility that such a region is moved or deformed, and
we must assume the anatomical points of the region defined in such a way that they retain their identity
through all such motions or deformations. In general, this means that the points are not necessarily
defined by fixed coordinates in a rigid spatial frame of reference.
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any anatomical points that are lumped into
compartments stay put, ¢.e., compartments
do not appear or disappear or change their
boundaries. Under this assumption both the
inputs and the outputs, as defined here, are
elements of so-called linear spaces. ‘‘Linear
space” is the somewhat misleading name
given to a mathematical abstraction which
may bear little resemblance to a ‘“space’ in
the usual sense. A linear space is in fact merely
a set of things with the special property that
they can be added together or multiplied
by a number and the resulting sum or prod-
uct will also be a member of the same set.*
An example of a linear space is the set of
all single-valued functions of time on the
interval 4 < ¢t < & . The sum of any two
single-valued functions of time on this in-
terval is itself a single-valued function of
time on the same interval, and is itself
therefore a member of the set. Similarly,
multiplication of any function by a number
gives another function on the same interval.
Another example of a linear space is the set
of all functions of time and space on some
time interval and space region. These can
be added together or multiplied by a num-
ber to give new functions on the same time
interval and space region. Still another ex-
ample is the set of all pairs of numbers
{a, b}. The sum of two such pairs {a,, b}
and {a:, by} can be defined as the pair
{(ax + a), (n + b2)}; and the product of
the pair {a, b} by the number a can be de-
fined as the pair {aa, ab}. More generally,
sets of n elements of linear spaces may them-
selves form a linear space, if the elements
within a set can be arranged in some sort of
order (e.g., if they are elements of a vector
or a matrix®). In that case, the 7-th element
of a set can be multiplied by a fixed number,
or added to the i-th element of a second set,
to give the i-th element of a new set, for
t=1ton.

The concept of a linear space forms the
basis for the most general interpretation of
the principle of superposition, as it has been

stated above. In order for the principle to be
meaningful, it is only necessary that the
inputs ¢ be elements of a linear space, and
that the outputs { also be elements of a
linear space, not necessarily the same one
as the inputs. This means that the principle
of superposition can be meaningfully stated
in terms of inputs and outputs that are num-
bers, time-functions, time-space functions,
discontinuous functions, sets of numbers,
sets of functions, mixed sets containing
both numbers and functions, etc. Since, as we
have shown above, a wide variety of phar-
macokinetic inputs and outputs are elements
of linear spaces, the principle of superposi-
tion can be applied to a correspondingly
wide range of pharmacokinetic systems. This
we shall now illustrate with some specific
examples.

The simplest case is a one-compartment
system with drug administered by injec-
tion, which obeys the equation

@=—ky+x.

a@ 1)

Here z and y are functions of time on the
interval 0 < ¢ < o, representing respec-
tively the injection rate and the quantity
of drug in the system; and % is a first-order
rate coefficient, which can be either constant
or varying with time. (If k varies with time,
the product ky of the two time-functions &k
and y is defined in the usual way as a time-
function whose value at any time is equal
to the product of the values of k and y at
that same time.) The input ¢ to this system
comprises the injection rate z and the initial
value y»(0), and may be written as
¢ = {z, y(0)}. Each such input uniquely
determines an output ¢ (= y). Addition of
two inputs & and & is defined as follows, for
any numbers « and 8 :

ah + Bk
= afz1, 1(0)} + Blz:, 1:(0)}

= {{ozs + Bra), [0 0) + BpeO)]}. @

¢ For a more formal definition of a linear space, see Birkhoff and MacLane (3), p. 162, or Collatz (6)

pp. 1-2.

§ See the APPENDIX for an explanation of these terms, if necessary.
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It is important to remember that, whereas
an ordinary equation defines a number as its
solution, a differential equation like equa-
tion (1) defines not a number but a function.
It is the entire function ¥, and not any single
value, which must be thought of as the
solution to equation (1). Accordingly, any
given input function z,, together with an
initial condition, defines a certain output
function y; . Similarly, an input z, with an
initial condition defines an output function
ys. The functions 3 and y. satisfy the

equations

%* —ky: + 2 (3a)
and
W1~ s+ m, (3b)

respectively. In the first case, the output {3
is the function  , and the input & comprises
the function z; and the initial condition
1(0), i.e., i = {z1, 1(0)}. Similarly, in the
second case, { = y: and & = {z2, %:(0)}.

If we now multiply equations (3a) and
(3b) by « and B respectively, and then add
them together, we obtain

d————(ayld-:- Bys) _ —k(ays + Bys)

+ (az: + Bza).
This is a differential equation defining a
new function, namely the function ay: +
Bys. In terms of this function, and the
new input function az; + Bz, , equation (4)
is of exactly the same form as equation (1).
It states, therefore, that the function oy +
Bys is a solution of equation (1), with the
injection rate z = axy + Bz . Moreover, the
initial value of the function oy + By: is
obviously ay1(0) + By:(0). Therefore oy, +
By, is the solution or output associated with
the input {[az: + Bz], [a11(0) + By2(0)]}.
This input is a1 + B&, according to equa-
tion (2). Therefore, for the system defined
by equation (1), af: + B8 (e, ap +
Bys) is the output for the input ot -+
Bt ; and therefore the system obeys the
principle of superposition.

(4)

When we turn to multicompartment sys-
tems, we open the door to infinite mathe-
matical complexities; but all these can be
made to disappear by using a completely
general analysis based on matrix algebra
(see APPENDIX). A linéar multicompartment
system (that is, one in which all unidirec-
tional compartmental effluxes obey first-
order kinetics) obeys equation (1), provided
y and z are interpreted as vector functions
of time (¢ > 0) giving respectively the drug
quantities in, and the injection rates into,
the various compartments. Then k is a matrix
of rate coefficients (or a matrix function of
time, if the rate coefficients vary with time),
and y(0) is the vector of initial compartment
contents or concentrations. With these def-
initions, the argument of equations (3, 4)
can be followed through again to show that
linear multicompartment systems obey the
principle of superposition.

Sometimes a drug, instead of being in-
jected into the system, is maintained in a
controlled concentration in a source com-
partment, from which it passes into the
system by a first-order process. This is the
situation, for example, when an inhalation
anesthetic is administered in a controlled
concentration in the inspired gas mixture.
In such cases, z is a drug concentration (or a
vector of drug concentrations) in the com-
partment (or compartments) where the drug
concentration is controlled, and the system
obeys an equation of the form

Y -~y + g, (5)
where b is a first-order rate coefficient or a
vector or matrix of first-order rate co-
efficients. Here again, an argument analogous
to that of equations (3, 4) shows that these
systems obey the principle of superposition.

A system with diffusion may be approxi-
mated by a linear multicompartment system
with a very large number of very small com-
partments, the approximation being made to
any desired degree of accuracy by increas-
ing the number and decreasing the sise of
compartments. Alternatively, one may take
the drug concentration y as a function on
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three-dimensional space and time, and em-
ploy the methods of vector analysis (7, 28).
For generality, we assume the diffusion
medium to be anisotropic; then, for rectan-
gular coordinates 8, , 8, and s,

dy _ 3%y 3%y %y
a Dnah,'i'Da +D“88;’

+ (Dss + Du)

aa, as

+ (Du + Du) 6)

aa. aa

+(Dn+Dn)a o0,

= div (ngdy),

where the D;; are the elements of the matrix
of components of the tensor D. For an
isotropic medium, Dy = Dy = Dy;, the
other D,; are zero, and the tensor D is
simply the diffusion coefficient.

With diffusion systems there is usually no
input other than the initial and boundary
conditions. The simplest case is where the
boundary conditions y(B) simply specify
the value of y at all points and at all times
on the boundary B. Since

a div (D grad 1) + B div (D grad y)
= div (D grad [ay: + Bysl),

we can show by adding equations, as we
have done to obtain equation (4) from
equations (3a) and (3b), that if z and y:
are solutions to equation (6) with initial
and boundary conditions {#:(0), y:(B)} and
{12(0), 12(B)}, respectively, then ay: + Bya
is the solution with initial and boundary
conditions {[a31(0) + By2(0)], [etn(B) +
Bys(B)]}; 1.e., the principle of superposition
holds.

A more complicated case would be where

™

the boundary conditions are of the form

[D, grad yls = kly(B) — =(B)], (8)

where [D, grad y]s is the flux component at
the boundary in a direction normal to the
boundary surface, k¥ is the permeability
coefficient of the boundary surface, and
y(B) and z(B) are the concentrations just in-
side and just outside the boundary surface,
respectively. The permeability coefficient &
may differ at different points on the bound-
ary and at different times, as may the exter-
nal concentration z(B) and the tensor D, .
Equation (8) represents a boundary surface
of limited permeability; and the special case
where £ = 0 represents a reflecting (im-
penetrable) boundary. The input to the
system comprises the initial conditions y(0)
and the external concentration z (of which
only the boundary function z(B) actually
contributes input). It is easily verified, then,
that if ¥ and y. satisfy equations (6) and
(8) with inputs {11(0), z:} and {y:(0), za}
respectively then ay: + By is the function
which satisfies equations (6) and (8) with
the input {[ay1(0) + Bys(0)], [ex1 + Bz]}.

A system with delayed transport, such as
transport in the circulation (29, 43, 52)
obeys an equation of the form

Wty [ kit — 00(0)

(®
+ [ ot - 00 o,

where y is the drug level at some point of
observation, z is the rate of injection (at
some other point in the system), y(6) and
z(0) are respectively the values of these
functions at the time 0, ¢2 is a statistical
density function® of transit times from the
site of injection to the point of observation,
¢1 is the sum of statistical density functions

¢ Although we refer to the functions ¢: and y [equations (9-12)] as statistical density functions, they
differ from ordinary statistical density functions in that their integrals from 0 to « may be less than 1,
1.e., there may be losses in transmission, or there may be permanent retention of part of the input to a
discriminating system. The function ¢, has the structure of a renewal density function (562) based on a
single-passage recirculation time density function whose integral from 0 to «» may be less than 1 because

of losses from the recirculation pathway.
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of transit times for one, two, efc., recircula-
tions, and ¢1(t — 0)d6 and ¢s(t — 6)d6 are
respectively the statistical frequencies of
recirculation times and transit times be-
tweent — 6and ¢ — 6 + db.

We have chosen to consider as the “re-
sponse” of a pharmacokinetic system only
that portion of the output function where
¢ > 0. We therefore partition the function y
in equation (9) into a part prior to t = 0
(the “past history”’), which will be denoted
by h, and a part on the interval ¢ > 0,
to which we will now restrict the notation y.
We make a corresponding partition of the
first integral in equation (9) into an in-
tegral from —  to 0 and an integral from
0 to ¢, and obtain

&y
at

—ty+ [ ke - 0w o

0
+ [ knlt — Oh0)ds  (10)

+ [ ot~ 0)20) a,

where y is a function of time on the interval
0 < t <. The input ¢ then comprises the
“past history” h on the interval — o <
t < 0, the function z on the interval —« <
t < o, and the initial condition y(0). We
define addition of such inputs as follows,
for any numbers « and 8:

ah + B&
= a{hl » 11, y;(O)} + ﬁ{h’? 1 T2, 2/2(0)}
= {[ahl + ﬁhi]) [axl + ﬁzi])
[e1(0) + By:(0)]}-

It is now easily verified that if 7, and y. are
the outputs for the inputs & and &, re-
spectively, then oy + By is the output
for oty + Bt .

A “discriminating system” obeys an equa-
tion of the form

dy _
dt

where ¥ is the statistical density function®
of survival times. Here the input is {z, y(0)};

(11

=z —[ ¥t — 0)z(0) do, (12)

and the principle of superposition is easily
verified by the same general method used
in the preceding cases.

Systems combining two or more of the
foregoing features, for example multicom-
partment systems with statistically dis-
tributed intercompartmental delay times, or
multicompartment systems with intracom-
partment diffusion gradients due to in-
complete mixing, can also be shown to obey
the principle of superposition. Suppose we
have two linear systems, each of whose
outputs forms part of the input to the other.
Let y and ¥’ be the respective outputs, and
let {3/, z} and {y, =’} be the respective in-
puts. (In the present context, z and 2’ are
assumed to comprise all inputs other than
y and y/, including initial and boundary
conditions, past history, etc.) Assuming that
the overall system is physically realizable
and determinate, there is a unique solu-
tion {y, ¥’} for any given external input {z,
z'}. Let {y1, »'} and {y:, %'} be the solu-
tions for the external inputs {z:, '}
and {z:, z:’}, respectively. Then from the
linearity of the first subsystem it follows
that oy1 + Bys is the solution for the input
{la’ + By)'], [az1 + Bxs]}, for any num-
bers « and B. Similarly, for the second
subsystem, oy’ + By’ is the solution for
the input {[ayy + Bysl, [axy” + B7s']}. There-
fore for the overall system, {[agn + B,
[a'’ + Bys']} is the output for the external
input {[ez; + B2s], [xr)" + Bz4']}. Since any
such combination of two linear systems is
thus linear, it follows that any such com-
bination of any number of linear systems
is linear.

The concept of linearity actually implies
two distinct properties, namely homogeneity
and additivity (cf. 56, pp. 132-137). A
homogeneous system obeys the principle
that if ¢ is the output for the input £ then,
for any number a, of is the output for the
input af; but it does not necessarily obey
the superposition principle as regards adds-
tion of inputs. Of course, if the inputs are
simple numbers, there is no distinction be-
tween inputting the sum of two numbers
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(e.g., 1.32 + 2.64 = 3.96) and inputting the
product of one of them by an appropriate
a (e.g., 1.32 X 3 = 3.96). This is not so,
however, for the more general types of input
we are considering, i.e., elements of linear
spaces. For example, the sum of the pairs
(1, 2) and (1, 0) is the pair (2, 2), which can-
not be obtained by multiplying either of the
original two pairs by any number. If a
system is such that when inputs are added
the outputs add, it is said to have the
property of additivity. For all practical
purposes, a physical system which is addi-
tive is also homogeneous and hence linear;
but a system which is homogeneous may not
be additive.

An artificial example of a homogeneous
but non-linear system is the system

%‘ = —knzi + knVzz + 2. (13)
‘%=kn 2z — knzn+ 2 (14)

Multiplication by « shows that if z (the
column vector of z; and 2) is the solution
for {z, 2(0)} then az is the solution for
{az, az(0)}. On the other hand, if z and 2
are solutions for {z, 2(0)} and {z’, 2’(0)},
respectively, and we multiply by numbers
« and B and add the differential equations
as we did with equations (3a) and (3b) to
obtain equation (4), we find that az + 82’
is not a solution for {axr 4+ B/, a=z(0) +
82(0)}.

In point of fact, it seems rather unlikely
that the usual pharmacokinetic mechanisms
will ever give rise to a system which is
" homogeneous but non-linear; however, the
possibility may have to be considered in
S0me cases.

It should be noted that, while in some
respects we have been very general in our
description of pharmacokinetic inputs and
outputs, in other respects we have laid down
some very specific requirements. A pharma-
cokinetic input or output must be defined
for a fixed set of anatomical points and a
fixed set of points in time, in order for us to

use it in the principle of superposition. There-
fore, we can use as the output, for example,
the plasma level at some fixed time ¢; but
we cannot use the peak plasma level, be-
cause this may occur at different times with
different routes and schedules of administra-
tion. In a linear pharmacokinetic system the
peak drug level at any point will be directly
proportional to the dose, as long as the
route and schedule of administration are
unchanged, 7.e., as long as the input is un-
changed except for multiplication by a
dosage factor a. However, since peak levels
for different routes and schedules of ad-
ministration will not necessarily coincide in
time, the peak level resulting from the sum
of two inputs will not necessarily equal the
sum of the peak levels resulting from those
inputs applied separately, but may be less.
If they were to be viewed as output, then,
peak drug levels in a linear system might
be said to have the property of homogeneity
but not that of additivity.

Discussion
1. Concept of Linearity in Analysis of
Pharmacokinetic Data

In the analysis of data on pharmacokinetic
systems, the principle of superposition pro-
vides a simple test for detecting the presence
of non-linear processes, .e., processes which
do not obey first-order kinetics. Examples
of such processes are metabolic transfor-
mations with Michaelis-Menten kinetics,
active renal tubular transport with a char-
acteristic transport maximum, and the
binding of drug to saturable sites on plasma
proteins or in tissues. In addition, there are
processes whose rates are affected by
pharmacological actions of the drug itself.
These would include processes such as
metabolism of the drug by an enzyme which
is induced by the drug, or distribution of
the drug by tissue blood flows which are af-
fected by the drug. On the other hand, time-
dependent processes (z.e., processes in which
the rate coefficients or other parameters are
functions of time) do not introduce non-
linearity, though they may produce pharma-
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cokinetic behavior that cannot be simulated
by any multicompartment model with con-
stant rate coefficients.

In some respects, linear and non-linear
systems may closely resemble one another.
A few years ago, Wagner (48) showed that
a linear four-compartment model could ac-
count for a period of apparent zero-order
elimination kinetics, such as that which
several investigators had reported for sali-
cylates. Responding to Wagner’s suggestion,
however, Levy (25) and Cummings and
Martin (9) cited the evidence that the rate
of salicylate elimination does not increase
in proportion to the dose, or in proportion
to the total quantity present in the body,
and that the fraction of the dose which is
eliminated as salicyluric acid is less after
large doses than after small doses. We draw
attention now to the fact that these argu-
ments indicate failure of the principle of
superposition, and are therefore absolutely
conclusive in ruling out not only Wagner’s
particular multicompartment model but
also all other linear models, including those
that are not conventional multicompart-
ment models at all.

To be more explicit, let y be a vector
function of time, giving the quantities of
drug in all compartments (including the
urine) as functions of time. The input—a
single dose at time ¢ = 0—is most conve-
niently represented by an initial condition
vector y(0), whose components are all zero
except for the one corresponding to the
compartment where the drug is administered
(the gastrointestinal tract). There is no
other input. Increasing the dose by a factor
a corresponds to multiplying the input by .
According to the principle of superposition,
the output would then be changed from y
to ay. It follows from this that the quantity
of drug which has been eliminated (i.e., is
present in the urine compartment) at any
time ¢ would be directly proportional to the
dose, and hence that the rate of elimination
at any time would be directly proportional
to the dose. Moreover, the quantity elimi-
nated in any particular form (e.g., salicyluric

acid) would be proportional to the dose, so
that the proportion eliminated in any par-
ticular form—that is, the ratio of the quan-
tity eliminated in that form to the sum of
the quantities eliminated in all forms—
would be dose-independent. Since, as Levy
and Cummings and Martin pointed out,
these rules are not followed by salicylates,
all linear pharmacokinetic models for salicy-
lates are ruled out.

Nevertheless, Wagner had a valid point,
namely that a linear model can sometimes
be made to simulate the time-course of be-
havior of a non-linear system. The same
point was recently demonstrated again by
DiSanto and Wagner (12). It is therefore of
considerable importance to determine the
pharmacokinetic behavior at different doses,
80 as to test the principle of superposition.
To do this, it is not necessary to go through
the tedious procedure carried out by DiSanto
and Wagner, fitting a linear model to the
data at each dose to determine whether the
parameters must be changed with the dose;
nor is it necessary to determine the area
under the plasma concentration-time curve
(49, pp. 242-246), or the apparent biolog-
ical half-life, as a function of the dose. One
need only plot out graphically the observed
plasma levels (or cumulative urinary excre-
tion), divided by the dose given (¢f. 50,
p- 20). If the system is linear, the curves for
different doses will superimpose. This simple
procedure allows one to detect failure of
superposition, and hence non-linearity, even
before taking the first steps toward formu-
lating a detailed pharmacokinetic model.

Figure 4 illustrates a simple superposition
plot of curves computed for the non-linear
model of DiSanto and Wagner (12). The
failure of superposition is obvious without
further analysis. Data can also be tested for
linearity by an alternative plotting method,
used by Kriiger-Thiemer (23). This method
is illustrated in figure 5, where the logarithm
of the plasma level is plotted against time
for a non-linear model of salicylate kinetics
(27) and for a linear model. In this type of
plot, a change of dose shifts the response
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curve up or down in a parallel fashion, if
the system is linear. This type of plot gives
a good display of the data for linear sys-
tems, but it is difficult to judge visually

Plasma Concentration/ Dose

Time, hr.

Fi1q. 4. Superposition plot for the non-linear
pharmacokinetic model of DiSanto and Wagner
(12). The model has the equation

%w +AC/(B + C)] = —KC,

or

a_ _ KC(B + C)»
dt AB+ (B+ 0O’

where C is the plasma concentration, and 4, B,
and K are parameters having the values 10, 1,
and 2.75, respectively. The curves in this figure
(and in figs. 5 and 7) were computed by numerical
integration by a fourth-order Runge-Kutta
method on the Dartmouth Time-Sharing System.
On the left-hand side of the figure, the curves lie
in order of dose, that for the highest dose being at
the top. The dose D is related to the initial plasma
concentration C, as follows:

D = V[Cy + ACy/ (B + CJ)},

where V (= 0.5) is the volume of distribution.
Doses for the seven curves were 1.917, 3.00, 4.33,
6.67, 9.55, 14.76, and 29.90.

whether the parallelism is exact, and one
cannot tell immediately whether the vertical
shifts are the right distance for superposi-
tion. For the detection of non-linearity,
therefore, one should choose a plotting
method, such as that of figure 4, which
makes the data at different doses super-
impose for linear systems. Wagner (50, p. 20)
has already suggested the simple superposi-
tion plot as a test for linearity; but he has
validated it only in terms of a conventional
two-compartment open model. Here we
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F1a. 5. Comparison of linear and non-linear
models for salicylate excretion. Dashed curves
were computed by numerical integration of equa-
tions (4-14) of Levy et al. (27). These equations
describe a non-linear model with two saturable
metabolic transformations. Doses (from bottom)
were 300, 600, 1200, and 2400 mg. Solid curves were
computed for corresponding doses in a linear model
with three compartments (gastrointestinal tract,
plasma, and urine), with parameter values ad-
justed to give a good fit to the model of Levy
et al. at a dose of 600 mg (absorption rate constant
4.2; excretion rate constant 0.13). At the dose of
600 mg the fit is quite good for 8 hr (though not for
much longer); but changes in dose cause the two
models to diverge. The curve for the linear model
is shifted up or down in parallel fashion, whereas
for the non-linear model the shifts are non-
parallel.
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stress that the concept of linearity is much
broader, and can apply to systems with
time-dependent rate coefficients, time-delays,
diffusion gradients, and an unrestricted
number and arrangement of compartments.
Figure 6 shows an artificial model contain-
ing a time-dependent metabolic transforma-
tion process and an ‘“‘enterohepatic circu-
lation” with a fixed time-delay; and figure 7
shows computed curves of plasma levels in
this system in response to oral doses. The
system can be seen to obey the principle of
superposition. In real life, the kinetics of
enterohepatic circulation are probably some-
what more complicated than a simple
fixed time delay. Jusko and Levy (20) have
suggested that the double peak in urinary
excretion rates of riboflavin reflects entero-
hepatic circulation, with accumulation of
the drug in the gallbladder over a period of
time, abrupt emptying of the gallbladder at
mealtime, and an ensuing period of rapid
absorption of the riboflavin thus liberated
into the gastrointestinal tract. Even such a
complicated system as this, however, could
be effectively tested for linearity by a simple
superposition plot, provided the schedules of
drug administration were carefully con-
trolled in relation to a fixed schedule of
meals.

Figures 8 to 10 illustrate superposition
plots applied to real pharmacokinetic data
taken from the literature. Figure 8 shows
data on plasma levels of d-tubocurarine in

15

the dog after each of two intravenous doses
(5). With the possible exception of two
points we could conclude that these data
show superposition and that the pharmaco-
kinetics of d-tubocurarine are linear. How-
ever, the range of doses is rather narrow,
and perhaps a wider range of doses would
turn up more definite departures from super-
position. Figure 9 shows that in fact the
pharmacokinetics of d-tubocurarine are not
strictly linear, because the renal levels at-
tained with different doses do not satisfy the
principle of superposition. This effect is
apparently too small to affect the plasma
levels noticeably. (It should be noted that
the investigators who did this work did not
overlook or fail to appreciate this finding,
although they did not do superposition
plots.)

Figure 10 shows a superposition plot of
data on three intravenous doses of bishy-
droxycoumarin in man (30). From it one
can see immediately that (as has long been
known) the rate of elimination does not
increase in proportion to the dose or the
plasma level. One can also see that with
increasing dose there is a slight increase in
the early apparent volume of distribution
(i.e., a downward displacement of the
curve of plasma concentration/dose). This
would suggest that binding to saturable
sites on plasma protein may be affecting the
kinetics; but in these experiments the
larger doses were infused over a longer

k
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62(" k 76
6.Metabolite

7. Urinary
Metabolite

I. Gastrointestinal| ¥21 |2. Plasma (and
Tract extracellular
ka2 fluid)
at
k24| ka2
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F1g. 6. Schematic diagram of an artificial pharmacokinetic model containing a time-dependent
metabolic process and an ‘‘enterohepatic circulation’ with a fixed time-delay. Parameter values were
as fOllOWB: kn =4 hl'", ku = 0.5 hl”—l, At = 0.5 hr, k“ = 0.6 hl‘-‘, ku =1 hr”, kn = (.02 hl'-‘, kg -
0.2 4 0.002¢* hr~! (¢t = time in hr), b = 0.3 hr-1, plasma + extracellular fluid volume 0.2 liter/kg body

weight.
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time period (up to 30 min), and this may
account for some of the discrepancy. The
investigators here analyzed these data in
terms of a three-compartment model, and
found that just one of the several parameters
changed consistently with the dose. The
attempt to thus localize the non-linearity is
certainly worth while; but the conclusion is
necessarily subject to whatever doubts we
may have about the correctness of the
three-compartment model itself; and the
correctness of a pharmacokinetic model is
hard to be sure of when only observations
on a single compartment are available (35,
54). On the other hand, the dose-dependency

500+

1004

50

Plasma Concentration, uM

of the elimination rate and (possibly) the
apparent volume of distribution are im-
portant empirical facts about bishydroxy-
coumarin that do not depend upon any
particular compartmental model; and these
facts are easily brought out by a superposi-
tion plot. : .

The test of simply increasing or decreas-
ing the dose is of course a test of homoge-
neity rather than linearity. As pointed out
above, this is probably sufficient proof of
linearity for most pharmacokinetic systems;
but in some cases it may be desirable to
test further for additivity. This might be
done by using either multiple dosage sched-

0 2 4 6

8 10 12 14

Time, hr.

Fi16. 7. Computed responses (plasma level) of the model shown in figure 6. Curves 1, 2, and 3 were
computed for doses of 8, 32, and 128 umol/kg, respectively. On the logarithmic ordinate scale these curves
are parallel and shifted by a distance exactly equal to the logarithm of 4 (the ratio of the doses). If
the computed levels for each curve were divided by the dose, these three curves would superimpose.
Curves 2a, 2b, and 2¢ were computed to illustrate the roles played by each of the special features of
the model, by deleting each feature in turn. For curve 2a, the ‘‘enterohepatic circulation’” was deleted.
For curve 2b, the tissue compartment (no. 4) was deleted. For curve 2¢, the time-dependent metabolic

transformation was deleted.
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ules or multiple routes of administration. travenous and intramuscular doses, given
To explore superposition with different first separately and then together. To test
routes of administration, for example, one superposition with different dosage sched-
might study the pharmacokinetics of in- ules, one might study in the same way the

c v v LJ v L] i L] v .
o 20 40 60 80 100 120 140 160 180

Time, min.

Fi1g. 8. Superposition plot of plasma concentrations of d-tubocurarine in the dog after each of two
intravenous doses [data of Cohen et al. (5)]. O, 0.3 mg/kg; @, 1.0 mg/kg.

Plasma Concentration (mg/kg)/Dose (mg /kg)

K
@3

Kidney Concentration (mg/kg)/Dose (mg/kg

o L] v v L] v L] L] v v
o 20 40 60 80 100 120 140 160 180

Time, min.

Fia. 9. Superposition plot of renal concentrations of d-tubocurarine in the dog after each of two
intravenous doses [data of Cohen et al. (5)]. O, 0.3 mg/kg; @, 1.0 mg/kg.
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Fia. 10. Superposition plot of plasma bishydroxycoumarin concentrations (mg/liter) in man after
each of three intravenous doses [data of Nagashima et al. (30)]. @, 150 mg; W, 286 mg; A, 600 mg.

effect of combining single intravenous doses
with constant intravenous infusions, or the
effects of a series of doses spaced in time, as
compared to the effects of a single dose.
In this last type of study, one must be
careful not to be led astray by temporal
variations in the pharmacokinetic param-
eters. If the pharmacokinetics are not the
same at noon as at 8 A.M., for example,
then one must compare the effect of giving
both an 8 A.M. and a noon dose with the
sum of the effects of the 8 A.M. and noon
doses given separately, and not with the
sum of two 8 A.M. responses staggered in
time.
2. Application of the Concept of Linearity in

Theoretical Studies

a. Drug Accumulation on Continuous In-
fusion or Repeated Dosage. The principles of
drug accumulation on continuous infusion

or repeated dosage have been discussed for
one-compartment systems by many authors
(14, 36, 44, 55); and they have also been
extended to more general types of multi-
compartment system (37, 51), for which
the only assumptions are that the first-order
rate coefficients are constant and that all
elimination takes place directly from the
‘“‘central” compartment. Some of these prin-
ciples of drug accumulation, however, can
easily be shown to hold for all linear systems,
including those with time-delays, time-
varying rate coefficients, and elimination
from peripheral compartments. -For ex-
ample, since multiplication of the input by a
factor a multiplies the output by the same
factor, it follows that if the drug level tends
asymptotically to a fixed level with constant
drug infusion’ then that asymptotic level is
directly proportional to the infusion rate.
Similarly, if asymptotic maximum, mini-

7 Necessary and sufficient conditions for such asymptotic behavior, which might be termed ‘‘pharma-
cokinetic stability,” have been elucidated for linear multicompartment systems (13, 45) but not for all

possible types of pharmacokinetic system.
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mum and mean levels are attained on pro-
longed repetition of the same dose, then
these levels are directly proportional to the
dose. The same holds for a repeated patiern
of doses, eg., a daily pattern consisting of
oral doses at 8 A.M., 12 noon, 4 P.M. and
8 p.M.: if asymptotic maximum, minimum
and mean levels are attained, they will be
directly proportional to the dose. The dosage
pattern may be even more complicated,
involving two or more different doses, drug
preparations or routes of administration. To
concoct an elaborate example, suppose a
subject is taking at 8 A.M. a 10-mg oral
dose of a standard preparation and a 40-mg
oral dose of a sustained-release preparation,
then at 4 pM. another 40 mg of the sus-
tained-release preparation, and at 8 A.M.,
12 noon, 4 p.M. and 8 p.M. a metered dose of
2 mg by inhalation from a nebulizer. If all
doses in such a regimen are multiplied by
some common factor a, without changing
the routes or schedule of administration,
then in the resulting asymptotic daily
pattern of plasma and tissue concentrations
the concentrations will all be multiplied by
the factor a.

These conclusions hold for all linear
systems. If, in addition to being linear, a
system is “time-invariant” (i.e., it contains
no parameters which depend directly upon
the time ¢), or if all time-dependent parame-
ters are periodic with the same period, then
additional generalizations can be made. First
we observe that, for any linear system, if a
dose is given repeatedly at an interval 7, the
cumulative response during the interval from
the n-th to the (n + 1)-th repetition is equal
to the sum of the first segment of length 7 of
the response to the n-th dose, plus the second
segment of length 7 of the response to the
(n — 1)-th dose, etc. (cf. fig. 11). If now the
system contains no time-dependent param-
eters, or if all time-dependent parameters
vary periodically with the same period as
the dosage cycle, then the responses to all
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Fig. 11. Repetitive dosage: The cumulative
response as the summation of segments of indi-
vidual responses. Curves D1, D2, and D3 show the
responses to a single dose given at times 0, 1 or
2, respectively. Curve C shows the cumulative
response to all three doses, assuming the system
is linear. Consider the curves D1, D2, D3, and C
to be divided into segments 1 time unit in dura-
tion. Then the segment of the cumulative response
(curve C) after the third dose is the sum of the
first segment of curve D3, plus the second segment
of curve D2, plus the third segment of curve D1.
In this particular case, the responses D1, D2,
and D3 are identical except for a time-shift; and
therefore the segment of the cumulative response
after the third dose can alternatively be equated
to the sum of the first three segments of curve D1.

the individual doses will be the same. In
that case the cumulative response during the
interval from the n-th to the (n + 1)-th
dose is equal to the sum of the first n seg-
ments, superimposed one upon another, of
the response to a single dose (¢f. figs. 11,
12). If this sum converges as n — o, then it
can be concluded that the system approaches
asymptotic drug levels on repetitive drug
administration, which levels are given by
the limit to which this sum converges.®

The asymptotic mean levels at the vari-
ous anatomical points of the system are
given by the integrals of the corresponding
drug levels over one dosage cycle, divided by
the cycle duration r. At any given anatomical
point in a linear system which is time-

$ To form this sum one theoretically needs to know the response to a single dose out to time { — o,
In practice this will require extrapolation from data obtained over a finite time period, and this extrap-
olation may be a source of error. (cf. section 4 below).
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F1a. 12. On repetitive dosage in a linear, time-
invariant system, the integral of (area under)
the asymptotic cumulative response over one
dosage cycle equals the integral of (area under)
the response to a single dose from 0 to ». Curve S
is the response to a single dose; curve C is the
asymptotic cumulative response after a long
series of regularly-repeated doses. The dashed
lines show how the cumulative level would decay
if dosing were stopped at various times. In the time
interval from 0 to 1, the vertical distance between
the dashed line and curve C at any time is equal
to the height of curve S. Similarly, in the time
interval from 1 to 2, the segment of curve C is
equal to the segment of the lowest dashed line
plus the first two segments of curve S. Equal
areas are indicated by similar crosshatching. The
area under curve C over one time unit is equal
to the sum of the ‘“‘stacked’” segments of the area
under curve S.

invariant or periodic with the same period
as the dosage cycle, the asymptotic drug
level during each cycle is the sum of all
successive segments of length 7 of the re-
sponse to a single dose; and therefore the
integral of the asymptotic drug level over
one cycle equals the integral of the drug
level after a single dose, from time ¢ = 0
to « (¢f. fig. 12). We, therefore, have

go=1[ ya (15)
where y is the response to a single dose, and
fo gives the asymptotic mean drug level
(or levels, if ¥y and §. are vectors) on re-
peated dosage at the interval = (¢f. fig. 12).
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b. Irreversible Drug Actions. Jusko (18,
19) has developed a theoretical approach to
irreversible chemotherapeutic or teratogenic
agents. For a chemotherapeutic agent, Jusko
assumes that the rate of malignant cell
destruction is proportional to the number of
living cells and the local tissue drug con-
centration X,. The cells are also assumed
either to die spontaneously or to divide,
both processes taking place at overall rates
proportional to the number of cells. Letting
S; be the fraction of cells surviving after a
time ¢, Jusko has derived the equation
(slightly modified here)

¢
log, S, = —kl X, dt + kyt. (16)
The term k,t reflects the net change due to
spontaneous cell death and division.

If the dose of chemotherapeutic agent is
finite (t.e., administration is not continued
indefinitely), then one may reasonably as-
sume that X, rises to & maximum and de-
clines asymptotically to zero, and that for
some sufficiently large time T,

T ©
l X.dtz[ X, .

Jusko showed that for a two-compartment
open system the latter integral was directly
proportional to the dose D; and hence,
from equation (16), he arrived at the equa-
tion:

(17)

log. 8r = —K.D + kT, (1)

where K, is a constant. For a fixed value of
T, this equation predicts a linear relation
between log, Sr and the dose D, a relation
which can be tested experimentally.

As we have shown in this review, however,
a direct proportionality between the dose D
and the time-integral of tissue concentration
holds for any linear system. Furthermore,
it holds not only for a single dose but also
for any pattern of successive doses or infu-
sions, provided this pattern remains un-
changed except for a scale factor. It follows
that equation (18) is not tied to the two-
compartment model, or to single-dos' drug
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administration, but holds for all linear phar-
macokinetic systems and for any fixed
pattern of drug administration.

c. Competitive Drug Antagonism. Ac-
cording to the most commonly-used theory
of competitive drug antagonism (1), the
ratio of equieffective concentrations of an
agonist A in the presence and absence of a
competitive antagonist B is given by

(4] [B]

T
where Kp is the drug-receptor dissociation
equilibrium constant for the antagonist B,
and [A] is the concentration of agonist which,
in the presence of an antagonist concentra-
tion [B], produces a biological response
exactly equal to that produced by the con-
centration [A], in the absence of antagonist.

(19)

Equation (19) can be applied readily to

isolated tissues where the known drug
concentrations in the bathing medium can
be assumed to prevail at the receptors after
diffusion equilibrium has been established,
but in intact animals the situation is con-
siderably more complicated. The drug
concentrations at the receptors are usually
not only unknown but also inconstant, ris-
ing to a maximum soon after injection of the
drug, and then falling. Nevertheless, if the
system is pharmacokinetically linear, and
if the routes and schedule of drug administra-
tion are not changed, then the drug con-
centrations at the receptors are directly
proportional to the doses given; and if, at
any given time, all receptors can be as-
sumed to be exposed to the same concentra-
tion of drug A and to the same concentra-
tion of drug B, then the concentrations in
equation (19) can be replaced by the cor-
responding doses, and the equation will
still hold. Of course, K will not then be a
true dissociation equilibrium constant, but
rather an empirical constant, with the same
units as the dose of B; and it will reflect
drug distribution as well as affinity for the
receptor. (The fact that the apparent K,

is influenced by drug distribution is im-
portant to keep in mind when evaluating
studies such as those undertaken to deter-
mine, by comparing Kjp values, whether
beta-adrenergic receptors in different organs
differ.)

This method of analysis is invalid if the
system is pharmacokinetically non-linear,
or if the receptors are distributed in two or
more pharmacokinetically different com-
partments or in a pharmacokinetically non-
uniform region. The assumption of pharma-
cokinetic linearity is especially vulnerable
because the drug-receptor reaction itself in-
volves saturable receptor sites and there-
fore necessarily introduces non-linearity.
Moreover, competitive antagonism requires
that the degree of receptor site saturation
be high, and therefore the drug-receptor
interaction cannot be even approximately
linear. The validity of this approach to com-
petitive antagonism in vivo therefore rests
on the assumption that the number of
receptors is too small for the drug-receptor
reaction to affect significantly the kinetics
of the agonist and antagonist concentrations
in the receptor region. This assumption is
probably valid in many cases, but it is
probably not valid for low concentrations of
drugs with very high affinities for the re-
ceptor, such as atropine (46, 47).

The direct proportionality between the
dose and the drug concentration at the
receptors holds only if we always measure
the concentration at the same time-interval .
after starting the administration of the
drug, and only if we use always the same
routes and schedule of drug administration,
changing only the dose. Strictly speaking,
therefore, the two drugs 4 and B must
always be administered in the same time-
relationship, and the response must be
measured at a fixed time-interval after
starting the drugs. These requirements can
often be relaxed somewhat, however; for if
the concentration of one of the drugs re-
mains reasonably constant for a prolonged

? Without this assumption one cannot infer equal receptor activation from equal responses (46),
which is a necessary step in the derivation of equation (19).
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interval, then the exact timing of its ad-
ministration becomes no longer important.
Also, if the antagonist concentration re-
mains constant, then one can simply record
peak responses to the agonist, since under
the assumptions already made the peak
response to the agonist will always follow
the injection of the drug by the same time-
interval.

d. Delayed-release Pharmaceutical Formu-
lations. Delayed-release pharmaceutical for-
mulations may release drug at a rate which
is not a simple exponential, %.e., is not pro-
portional to the quantity of drug remaining
unreleased. However, the factor controlling
the rate of release is generally the time
elapsed, and not the quantity of drug re-
maining. For example, if one gives two such
timed-release capsules, the rate of release
will be at all times just twice the rate of
release from one capsule; but the rate of
release after half the drug has been released
from two capsules may not equal the initial
rate of release from a single capsule, though
the amount of drug remaining is the same.
In general, a timed-release preparation can
be regarded as providing a fixed time-
schedule of drug administration; and, as
with other inputs, the resulting drug levels
obey the principle of superposition if the
system is linear.

Kriiger-Thiemer and Eriksen (24) have
proved for a one-compartment model of the
body that the response to a delayed-release
pharmaceutical preparation which released
part of its drug immediately was equal to
the sum of the responses to the rapidly-
released and slowly-released parts given
separately. Their laborious proof is unneces-
sary, however, for this conclusion is nothing
but a statement of the principle of super-
position, and it therefore holds not only for
their one-compartment model, but also for
all other linear models.

e. Steady-state Flux Across Linear Mem-
branes. Danielli (10) analyzed passive dif-
fusion across homogeneous membranes and
across membranes consisting, in effect, of a
succession of identical compartments.

Buerger (4) treated a more general type of
membrane, consisting of a more or less
arbitrary arrangement of compartments.
Here we shall consider a still more general
type of membrane, within which may occur
any of the types of pharmacokinetic process
mentioned above, and for which we shall
make only the assumptions that the system
is linear and that steady states exist for all
constant inputs under consideration.

For a membrane separating two phases
containing a diffusing substance at fixed
concentrations z; and zs, respectively, the
steady-state concentration of the diffusing
substance at every point within the mem-
brane obeys the principle of superposition
with respect to the input {z,, z.}, if the
gsystem is linear. Since all steady-state
efflux rates from points within the mem-
brane depend linearly either on the concen-
trations within the membrane or (eg., in
discriminating systems) on the input con-
centrations themselves, they must also
obey the principle of superposition, as must
therefore the total efflux from the membrane
into, say, the first phase. Since the steady-
state influx into the membrane from the
first phase is directly proportional to z,, it
follows that the net steady-state flux from
the first phase into the membrane, which
equals the net steady-state flux across the
membrane, obeys the principle of superposi-
tion with respect to {r,, z2}. When z; = 0,
the net steady-state flux is therefore directly
proportional to z;, the proportionality
constant ps1 being the effective permeability
coefficient for passage from the first to the
second phase; and when z; = 0 the net
steady-state flux (in the reverse direction)
is p1sTs, where pis is the effective perme-
ability coefficient for passage in the reverse
direction. In general, then, the net steady-
state flux from the first to the second phase
is given by
(20)

If the standard free energies and the ac-
tivity coefficients of the diffusing substance
are the same in the two phases, and if there

Jo1 = pauZi — P1a%a.
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is no active transport, then p;; and ps, are
equal, and the net steady-state flux is di-
rectly proportional to the concentration
difference, with a single permeability co-
efficient.

It may be noted that no geometrical as-
sumptions have been made, so that what
we have called a “membrane’” could be re-
placed by any linear system, even one which
had no physical resemblance whatever to a
true membrane (e.g., & succession of meta-
bolic transformations). The sole require-
ment for equation (20) is that the connection
between the two phases be a linear system.

3. Prediction of System Behavior

As Westlake (53) has emphasized, the
mere knowledge that a system is linear allows
one to make important practical predictions
about its behavior. It has already been indi-
cated above, for example (section 2 a, figs.
11, 12), that the asymptotic drug levels on
continuous infusion or repetitive dosage in
a linear, time-invariant system can be pre-
dicted from the response to a single dose.
Again, if one has measured the plasma levels
in a linear system after an intravenous in-
jection, and also after an intramuscular
injection, then one can predict the responses
to various combinations of intravenous
and intramuscular doses by simply adding

the responses to the intravenous and intra--

muscular injections given separately, after
multiplying each by an appropriate dosage
factor (¢f. fig. 13). A similar procedure gives
the response to the simultaneous oral ad-
ministration of a delayed-release preparation
and a standard preparation (¢f. fig. 14), or
to the injection of an intravenous bolus fol-
lowed by a constant infusion.

4. Usefulness of Specific Models for Linear
Systems

The principle of superposition is so
powerful by itself that a question begins to
arise whether specific pharmacokinetic mod-
els have any value at all for linear systems.
In fact they do; and their value can be
measured by the predictions and insights

they provide that are not provided by the
principle of superposition alone. Examples of
such predictions or insights would include
extrapolation in time, results with different
routes of administration, and effects of model
parameter changes. _

Extrapolation in time is always hazardous,
because in the course of time effects may
begin to appear which were not detected in
short-term experiments and which are there-
fore not provided for in the model used for
extrapolation. For example, the data of
Okita et al. (31) on digitoxin are well fitted
by a two-compartment model in which the
half-life of the slower expanential component
of plasma elimination is 45 to 50 hr. Since
the true biological half-life of this drug is
much longer, an incautious reliance upon
this model could have led to the use of
maintenance doses which, on prolonged
repetition, would have produced digitoxin
accumulation to toxic levels. Another exam-
ple has been given by Gibaldi and Wein-
traub (15). As emphasized by these authors
and others [e.g., Riggs (35)], the possibility
of a prolonged phase of slow elimination,
undetected in short-term experiments,
should be recognized as a serious limitation
on our ability to predict drug accumulation
levels from single-dose responses, whether
we base those predictions on a specific
pharmacokinetic model or simply on the
principle of superposition. The effect of
such a slow elimination process would be a
gradual upward drift in the accumulation
levels after a seemingly . steady state had
been established. As a general rule, there-
fore, extrapolation in time should not be
relied on too heavily, and the stability of
drug accumulation levels on prolonged in-
fusion or repetitive administration should be
verified by direct observation.

With regard to changes in route of ad-
ministration or model parameters, on the
other hand, it may be possible to establish
more satisfactorily the overall reliability of a
model. Accumulated experience confirming
the validity of the model in a variety of
situations increases the confidence we can
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Fia. 13. Application of the principle of superposition to determine an optimal combination of in-
travenous and intramuscular doses. The curve labeled ‘‘50IV’’ (@) represents hypothetical data on
plasma levels of a hypothetical drug after an intravenous dose of 50 mg. (The initial value is estimated
by extrapolation, shown by the dashed line.) The curve labeled ‘‘150IM’’ (@) shows the ‘“‘data’’ after an
intramuscular dose of 150 mg. The other three curves were calculated by the superposition principle,
and show the predicted responses to an intravenous dose of 50 mg, combined with intramuscular
doses of 50, 100, or 150 mg, respectively. If the objective is to maintain the plasma level between 1 and
2 pg/ml, then the combination of 50 mg intravenously with 100 mg intramuscularly is the best of the
three combinations. Note that although the plasma level falls below therapeutic levels in less than
8 min after the intravenous dose, there remains enough after 10 to 30 min to produce ‘‘toxic’’ plasma
levels (over 2 ug/ml) when added to the levels produced by an ordinarily safe intramuscular dose. [The
“data’ in figure 13 are actually based on the data of Rowland et al. (38) and Sloman et al. (42) on lido-
caine. For lidocaine, however, published observations on combined intravenous and intramuscular
administration (40) do not agree well with predictions based on superposition of responses to intravenous
and intramuscular doses given separately. Possibly the discrepancy is due to a difference in methods or
subjects. If not, it indicates that lidocaine pharmacokinetics are non-linear, despite the apparent
dose-independence noted by Rowland et al. (38). Some of the data (39, 40) suggest the possibility that
therapeutic plasma levels of lidocaine somehow slow its absorption from an intramuscular site; but
other data (2) indicate that plasma levels after intramuscular administration of different doses obey
the principle of superposition.]

place in its predictions for untried situa-
tions. For example, if a model is found to
fit the results of drug administration by two
or three different routes, this tends to in-
crease confidence in its predictions for still
other routes of administration; or if a model
is found to explain the pharmacokinetic
differences between drugs which differ in
such parameters as lipid solubility or bind-
ing affinity for plasma proteins, then con-
fidence in its predictions for untried drugs is
strengthened.

Specific pharmacokinetic models involve
much computational labor; they usually
oversimplify the actual system; they are
often impossible to verify in detail; their
parameters often cannot be accurately de-
termined from available data (35, 54); and
those parameters which can be determined
often cannot be reconciled with values
known from other experiments [e.g., body
compartment volumes (52)]. Despite these
difficulties, there are many examples (e.g.,
8, 21, 33) of the effective use of models in
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Fie. 14. Application of the principle of superposition to determine the optimal formulation of a
hypothetical delayed-release pharmaceutical preparation. The circles (@) and squares (W) represent
hypothetical plasma-level “data’ on a standard drug preparation and a delayed-release preparation,
respectively. The latter releases drug molecules with a normal distribution of release times (mean
120 min, standard deviation 60 min, distribution truncated at 0 so that there are no negative release
times). The curves lying between the data points show the plasma-level responses to various combi-
nations of the standard and delayed-release preparation, as calculated by the principle of superposition.
The number at the left-hand end of each curve indicates the percentage of the delayed-release prepa-
ration in the combination. (The curves cross at about 177 min, and lie in inverted order on the right-
hand side of the figure.) The optimal combination would appear to be one containing from 30 to 50%
of the delayed-release preparation, the exact percentage depending upon the particular criteria to be
met. Once the optimal proportions have been established, the total dosage can be adjusted by a scale
factor as necessary. Note that 1) costly clinical studies are kept to a minimum, in that only the two
pure preparations need be tested (in addition to final confirmatory studies on the mixture selected);
2) the mathematical complexities of the differential equations are entirely bypassed; 3) exactly the
same method is applicable to any linear system, no matter how complicated (e.g., a system with a fixed
time-delay in absorption); and 4) for any linear system the method is theoretically an exact one, not
an approximation.

explaining the effects of different routes of Michaelis-Menten kinetics, binding reac-

administration and of different model param-
eter values. On the other hand, some models
seem to amount to little more than empirical
data-fitting; and for a system known to be
linear, such a model does not tell us any
more.than we can infer from the principle of
superposition alone.

6. Non-linearity

It is unfortunately true that a great many
pharmacokinetic systems, perhaps the ma-
jority, are non-linear. This is because of
the very frequent occurrence in nature of
processes whose kinetics are not first-order.
Such processes include, as already men-
tioned, enzymatic transformations obeying

tions to limited numbers of binding sites on
plasma proteins or in tissues, and active
transport processes with limited available
carrier. Strictly speaking, the principle of
superposition does not hold for non-linear
systems; but it does not necessarily follow
that such systems are entirely beyond the
reach of broad general treatments such as
we have for linear systems. In the first place,
the departures of a non-linear system from
the principle of superposition may often be
small enough to be ignored. Secondly, even
when a system is non-linear from a con-
ventional viewpoint, it is sometimes possible
to formulate a particular superposition rule
which it obeys.
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To illustrate some possible approaches to
non-linear systems, we consider a system
containing zero-order processes and obeying

‘E:—ky-’-z-l—x, (21)

dt
where z is the rate of change of y due to
gero-order processes. The variables z, y, and
z may here be regarded as either ordinary
(scalar) functions of time or vector func-
tions of time.® Although equation (21) is
technically a linear differential equation,
the system is non-linear from our point of
view because it does not obey the principle
of superposition with respect to the input
¢ = {z, y(0)}. There are, however, at least
three ways to derive a superposition rule for
this system.

The first method is to take the differences
between outputs. According to equation (21)
the outputs y; and ys for any two inputs
{z1, y1(0)} and {zs, ys(0)} are defined by

dy‘=—kyx+z+:c1 (22a)

a

iyz= —ky3+z+x3’

& (22b)

respectively. Subtracting equation (22b)
from equation (22a) we obtain

%—’Q = —k(y — 1)

+ (21 — m).

Equation (23) has the same general form
as equation (1). This system therefore obeys
the principle of superposition with respect to
differences between inputs and differences
between outputs. Suppose, for example, one
had a series of responses yi, s, -, Ym to
inputs a1z, asz, - - - , amr, respectively, with

(23)

%10) = y:(0) = --- = yau(0) = 0. If the
gystem obeyed equation (21) with z = 0
then it would not obey the principle of super-
position, t.e., the functions y1/a1, ys/as, - - -,
Ym/ am Would not superimpose. However, one
could subtract the first response from all the
others, and the first input from all the
others, and in this way obtain a series
of curves (y2: — y1)/(as — 1), (ys — y1)/
(as — a1), - -+, (ym — y1)/(em — 1) which
would superimpose.

The second method is to observe the out-
puts with weighted sums of inputs. Unlike
the first method, this method requires plan-
ning the experiments in advance. If we add
equations (22a) and (22b) after first mul-
tiplying by the weighting factors a/(a + B)
and B/(a + B), respectively, we obtain

doayp+ By _ _ o+ B
ad a+p a+B

ary + Bzs
a+B

This equation is of the same form as equa-
tion (21); and it states, therefore, that if
y1 and y: are the outputs for inputs
{z1, 11(0)} and {z:, yx(0)}, respectively,
then (ay1 + By:)/(a + B) is the output for
the input {(az1 + Bzs)/(a + B), [ay1(0) +
Byx(0))/(a + B)}. This obviously can be
tested experirhentally.

The third method works only for time-
invariant or periodic systems. We denote by
y(t + 7) a function whose value at time ¢
equals the value of y at some later time ¢ + 7,
where the interval 7 is fixed; and, for the dis-
cussion of this method only, we use the no-
tation y(f) for y. We define k(t + ), k(¢),
2(t + 7), etc., similarly. Then from equation
(21) we have

dy(t) _

= = ~kOy® + 20 + 20)

(24)
+z+

(25a)

1¢ The function z (or its components, if it is a vector function) may be either positive or negative.
However, if z is negative or has negative components then equation (21) cannot be assumed to hold
generally for a physical system, because under certain conditions it would lead to a physical impossi-
bility, namely negative mass. In such cases, therefore, equation (21) must be assumed to hold only

over certain restricted ranges of z and y.
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and

WA o+ oyt + 1)
+ 2(t + 7) + z(t + 7).

If k(t 4+ 7) = k(t) and 2(¢t + 7) = 2(¢) (s.e.,
if the system is time-invariant or periodic
with period 7) then taking the difference
between equations (25a) and (25b) we have

(25b)

Lyt + ) - 90
= ROl + 1) — (0]
+ z(t + 7) — z(2).

This equation is of the same general form
as equation (1), and therefore the system
obeys the principle of superposition with
respect to the output ¢ = y(¢t + 7) — y(d).
In practice, if one had a series of plasma
level curves y1, ¥z, - ** , Y= resulting from
inputs awx, sz, :::, amr, respectively,
with 1(0) = %2(0) = --- = ym(0) = 0, then
one could choose a suitable fixed time-in-
terval r and compute a series of differences
y(t + 7) — y(t) at several ¢ values for edch
output curve. These computed differences
could then be divided by the dose and plotted
against ¢, and the curves of [y:(t + 7) —
N/, lyst + 7 — yiO/az,---,
[ym(t + 7) — ym())/am would superim-
pose.

Other non-linear systems may likewise
yield to some of these approaches. The
method of differences [equation (23)] seems
especially likely to be generally useful. For
example, for inputs {z;, y:(0)} which do not
differ too much from some standard input
{z1, ¥1(0)} the output differences y; — »:
of a non-linear system may approximately
obey the principle of superposition with
respect to inputs defined as {[z; — =),
[y(0) — :(0)]}. Another approach is to
set up a specific model for the non-linear
part of the system, leave the linear part
undefined, and try to derive some function
of the observed parameters which obeys the
principle of superposition without regard to

(26)

the details of the linear part. An example of
this has been given elsewhere [46, equation
(11)]. Further theoretical studies may well
lead to new and better methods for the gen-
eral analysis of various types of non-linear
pharmacokinetic system. = -

General Conclusions

The analysis of pharmacokinetic systems
in terms of the general concept of linearity
allows us to see beyond particular kinetic
details and obtain a better insight into
overall system behavior. The habit of
thinking of system inputs and responses as
functions or sets rather than as simple
numbers, and the concept of addition of
such complicated inputs and responses,
greatly improve our conceptual framework
for dealing with various dosage schedules
and their combinations. Methods of analysis
based on linearity and superposition have
broad generality, and this generality may
often obviate some of the problems posed
by the complexity and variability of bio-
logical systems and the difficulty of experi-
mentally verifying pharmacokinetic models
and evaluating parameters.

From a few examples, one can easily ac-
quire a working intuitive grasp of the con-
concept of linearity; and with experience
one learns how to apply the concept to an
ever broader range of problems. An appre-
ciation of general system properties such as
linearity and time-invariance will encourage
an experimental scientist to test for such
properties; and then even though he may be
unwilling to tackle a full mathematical
pharmacokinetic analysis himself, he will
have obtained the experimental data which
another analyst will find essential. The
theorist, for his part, should recognize the
experimental manifestations of non-linearity,
so that he does not waste time trying to
contrive a linear model to fit non-linear
data. '

Pharmacological theories based on par-
ticular pharmacokinetic models are subject
to doubt when those models are shown to
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be inapplicable. In many cases, however, a
theory can be based just as easily on the
simple assumption of linearity, with no
assumptions regarding pharmacokinetic de-
tails. A theory resting on this foundation
is much less vulnerable than one based on a
possibly erroneous specific pharmacokinetic
model.

Finally, even though the concept of
linearity is very broad and non-specific, it is
quite practical, because it provides a basis
for utilizing empirical data to make specific
practical predictions.
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Appendix

1. Matrices. A matriz is a rectangular array of
numbers or other elements, e.g.,

[_l 3] [a bz+c]
0 5], h .
2 2] L%

When it is desired to refer to the individual ele-
ments of a matrix, these are usually identified by
doubly-subecripted letters, the subscripts de-
noting the row and column, respectively:

Gn G
Gn Onm|.
Ga1

The entire matrix may be denoted by a single

letter, as
G G
a=|an am|.
Ga

The use of bold-face type for letters denoting
matrices is a common but not universal practice.

A vector is a matrix with only a single row (row
vector) or column (column vector), e.g.,

(%]
[rn s rs rd, e .
Cs

',’d

(A1)

(A2)

(A3)

(A9)

As illustrated, only one subscript is necessary for
the elements of a vector.

Two matrices are said to be equal if and only if
they have the same number of rows, they have the
same number of columns, and all corresponding
elements are equal. For example:

Gu Gy Gy bu bu by
[Gn Gn qn]-[bu bn b-] 48

G = b, Gis = by, Gy = by,

(A6)
G = bn,dn - bnytm = by .

The matrices in equation (A5) can be denoted by
single letters a and b respectively, and the equa-
tion can then be written as

g = b (A7)

Equation (A7) is equivalent to the six equations
(A6), and illustrates the simplification of notation
achieved with matrioes.

The sum of two matrices can be formed if and
only if they have the same number of rows and
they have the same number of columns. Their
sum is a8 third matrix with the same number of
rows and the same number of columns, in which
each element is the sum of the corresponding
elements of the two matrices being added. For
example:

-1 3 4 0
0 5|+| 0O =2
2 2 -p -

3 3

- 0 b6+42|.

2—-p O

With single-letter symbols for the matrices, equa-
tion (A8) might be written

(A8)

a+b =c. (A9)

The matrix equation (A9) is then the equivalent
of six simple algebraic or arithmetical equations
expressing the addition of the individual matrix
elements.

The product of two matrices can be formed if .
and only if the first has exactly as many columns
as the second has rows. Consider first the so-called
inner product of two vectors, the first a row vector
and the second a column vector. This is defined as
the sum of the products of corresponding elements.
For examp'e:

G
rc=[rn rn nl|la
Cs

(A10)
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=noa+ries+ rc.

The sum on the right-hand side, containing the
products of corresponding terms of the two vec-
tors, is a number, not a matrix; therefore the inner
product of two vectors is a number, not a matrix.

For matrices other than vectors, the rule for
multiplieation is as follows: the element in the i-th
row and the j-th column of the product is the inner
product of two vectors, namely the i-th row of the
first matrix and the j-th column of the second.

For example,
[ ]
Qs
bu bu

an
ab = | an
an

[aubu + aubu anbu+ ann]

(A11)

Gubn + anbu Gubu+ anbs |.
aubu + anbu anbis + ands

The product has as many rows as the first matrix
and as many columns as the second.

Note that matrix multiplication is8 not always
commutative, i.e., ab may not equal da. In fact, in
the example of equation (All) the product da
cannot be formed at all, because b has fewer
columns than a has rows.

Multiplication of a matrix by a number multi-
plies every element of the matrix by that number,

eg.,
Gn G;3 G
as = [ ]
Gu Gn Oy
[aau aty aau]
aty aon ooy
This operation is commutative, s.e., aa = aa.
A vector or matrix whose elements are functions
of time is sometimes referred to as a veclor or
malriz function of time. Differentiation of a vector

or matrix function of time is equivalent to dif-
ferentiation of each of its elements individually,

e.g.,
i
dt
dys

dy d n

==yl =| =

dat dt dt
Vs,

ays
| dt |
One can easily verify from this definition that the

derivative of a sum of vector or matrix functions
of time is the sum of the derivatives, i.e.,

d(z+v)=g dy
dt dt " dt’

(A12)

(A13)

(A14)

and also that, for any number a,

d(ay) dy

2t = a 2" (A15)

An important set of general algebraic laws which
can readily be shown to hold for matrix addition
and multiplication are the distributive laws.
These may be stated as follows for any matrices
a, b and ¢ such that a can multiply b and ¢, and b
and ¢ can be added, and for any two numbers
a and B8:

, a(b+4c) = ab+ ac, (Al6a)
ald 4+ ¢) = ab + ac, (A16b)

and
(@4 B)b = ab + Bb. (A16¢)

More on matrix algebra can be found in various
texts (e.g., 28, 41).

2. Multicompartment systems (16; 17, pp. 48 7.;
45; 46). We consider a system of n compartments,
in which a substance is distributed. We assume
that all transfers of the substance out of com-
partments (whether to other compartments, to
the outside world, or to oblivion) obey first-order
kinetics. Let y; equal the quantity of substance
in the i-th compartment, and let kj be the first-
order rate constant for transfer from the i-th
to the j-th compartment, so that the rate of (uni-
directional) transfer from the i-th to the j-th
compartment is k;y; . Let everything outside the
compartment system be taken as the 0-th com-
partment, 80 that ke is the rate constant for elimi-
nation from the i-th compartment. Let z; be
the rate of injection into the :-th compartment.
Then the rate of change of the quantity in the
i-th compartment is given by

dy( d

! kijyi — (E’ kie) yi + i, (A17)
a = =

where the primed summation sign indicates a sum-
mation from which the term with j = 4 is omitted.
An equation of this form holds for each compart-
ment (3 = 1,2, --- , n). These n equations may be
written out as follows:

d "
. -(Z' k:‘l) N+ kuys
dt =0
+ e +kluyu+zl,
L kny, — (Z' ki!) Ya
dt o)

+ oot bt 2, AID
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c‘l& = kuth + ks

dt .
40— (Z'k,.)y.+ Zn.
1=0

These equations can be written in matrix form as
follows:

B
dt
dys
dt

dys

L dt _

—(Z' kn) it kuyst o+ binya+ 2
]

- kuw—(lg'kn)!h-i- vt kYt 7

kapy+ knsys+ - — (§' kia) Yn+ Za
== bl

(A19)

By the rules of matrix algebra, equation (A19) is
equivalent to

b/
a
al ¥ |-
7 |
> kn) —kn —kin
)
—kn (E' ku) —kan
- j=0

—ka

i L R (g’ k;.)-

™~ - = -
hn n
Ys zs
X +
Yn Ta

(A20)

This can be seen as follows. If we find the inner
product of the first row of the first matrix on the
right-hand side of equation (A20) with the column
vector of the y; , we obtain the sum (3_;2 kn)y: —
kuys — -+ —kiaya . The () sign Pmedinl the
matrix in equation (A20) then changes the signs of
all the terms of this sum. Continuing in this way,
we find that the result of multiplying out the
first two matrices on the right-hand side of equa-
tion (A20) is a column vector of algebraic ex-
pressions which are identical to the first n terms
of the expressions in the right-hand matrix of
equation (A19). Addition of the corresponding
elements of the column vector of the z; in equa-
tion (A20) then gives a column vector of algebraic
expressions identical to the right-hand side of
equation (A19). /

Equation (A20) can now be written with single-
letter symbols y, k, and z for the matrices, as
follows:

dy
a =Tt

(A21)
This equation is formally identical to equation
(1). The laws of matrix differentiation, addition
and multiplication, as expressed in equations
(A12-A16), then validate the derivation of equa-
tion (4) from equations (3a) and (3b) for the case
when these equations are matrix equations.





